A perturbation theory is presented for the frequency shift of highly resonant photonic whispering gallery modes in a transparent sphere. Using a vector wave equation, we derive a general formula for the shifts in TE and TM polarization by adsorption of another dielectric medium. The adsorbed medium can have an arbitrary shape and refractive-index profile. The formula is applied to adsorption of a thin layer and deposition of a small spherical particle, many such particles, and thin cylindrical particles on the resonator surface. We found that the ratio of the TM mode shift to the TE mode shift is sensitive to the shape of the adsorbates and their orientation. Calculation results are discussed in terms of a dipolar field.
INTRODUCTION
Resonant photonic modes called whispering gallery modes (WGMs) in a transparent sphere have high sensitivity to environmental changes. [1] [2] [3] [4] [5] [6] [7] The sensitivity derives from the ability of the evanescent field of a WGM to explore the surrounding medium. The change is most sensitively detected in the frequency of the extremely narrow resonance mode. 8, 9 Earlier, we developed a perturbation theory for sensing application of the frequency shift. First 3 we considered adsorption of a small dielectric medium onto the spheres's surface. 3 The coupling of the evanescent field with the adsorbate causes the mode energy of the WGM to change. By equating the ratio of the frequency shift to the unperturbed frequency and the ratio of the energy change to the unperturbed mode energy, we derived a general formula for the shift of the TE mode resonance. Second, 10 we applied a rigorous perturbation theory to the wave equation to derive a formula for the shifts of TE and TM modes caused by small refractive-index changes in the surrounding. 10 The changes were limited to those given by a radial function.
In the present paper we describe a general theory for the resonance frequency shift of a WGM that is due to a change in refractive index in a region of arbitrary geometry near or on the spherical resonator. The change in refractive index does not need to be small. We use the vector wave equation to derive the general formula of the shift, an approach similar to the one adopted by Harrington to estimate the shift of a cavity mode. 11 We then apply the general formula to adsorption of a thin layer onto the resonator and the deposition of a small spherical particle and a cylindrical particle. We demonstrate that the shift ratio of the TE and TM modes can provide information on the shape and orientation of adsorbed particles.
PERTURBATION THEORY A. General Theory
Consider a transparent sphere of volume V 1 and uniform refractive index n 1 suspended in a medium of uniform refractive index n 2 (n 1 Ͼ n 2 ; both are real). The relative electric permittivity ⑀ r ͑r͒ at r in this unperturbed system is given as
When a dielectric medium of volume V p and refractive index n p ͑r͒ is brought near the sphere's surface, as shown in Fig. 1 , the change in the relative permittivity is given as
For simplicity, we assume that ␦⑀ r ͑r͒ changes smoothly with r within V p . We allow ␦⑀ r ͑r͒ to be locally large. A typical example is to bring a globular protein molecule close to the surface of a silica sphere 100 m in diameter suspended in water.
The change in refractive index in V p causes the resonance wave vector of the WGM to change from k 0 to k and the spatial part of the electric field to change from E 0 ͑r͒ to E͑r͒. Unperturbed field E 0 satisfies the vector wave equation:
The time dependence of E 0 is described by exp͑−i 0 t͒, where 0 = ck 0 and c is the velocity of light in vacuum.
Perturbed field E follows
͑4͒
We multiply E 0 * , the complex conjugate of E 0 , from left of Eq. (4) and integrate the product over the entire space V:
͑5͒
Appendix A shows that the integral of E 0 * · ٌ ϫ ٌ ϫ E is identical to the integral of E · ٌ ϫ ٌ ϫ E 0 * . With the complex conjugate of Eq. (3), we have
From Eqs. (5) and (6) we have
͑7͒
Equation (7) applies to both TE and TM modes. We let k = k 0 + ␦k and consider first-order perturbation. We obtain the fractional shift as
where E in the denominator was replaced with E 0 . The electric field may change exterior to V p , but it does not contribute to ␦k in the first-order perturbation. The shift is equal to the perturbation integral divided by the mode energy integral.
When ␦⑀ r is small everywhere and only then, E p in Eq.
(8) is replaced with E 0 in the first-order perturbation.
Then ␦⑀ r E · E 0 = ␦⑀ r ͉E 0 ͉ 2 , and we recover the formula obtained earlier. 10 Harrington 11 derived a similar formula for an electromagnetic wave within a cavity that has a metallic interior surface. It is possible to apply his theory by placing our resonator systems within a large cavity. As in our derivation, his formula applies to any mode in a cavity. Hence, it is not necessary to adjust the size and shape of the enclosing cavity such that the frequency of our WGM matches one of the cavity modes. The resonator and the surrounding medium alone within the cavity cause a frequency shift. With the particle of n p added, the shift is slightly different. The difference in the frequency shift is what we obtained as ␦k in Eq. (8).
B. TE Mode Energy
This subsection and Subsection 2.C will review a theory for a WGM in a dielectric sphere. 12 They are necessary for our application of the general theory in Section 3.
We set up spherical polar coordinates ͑r , , ͒ with the origin at the center of the resonator sphere. For the TE mode specified by polar index l and azimuthal index m ͑m =−l ,−l +1, . . . ,l͒, E 0 is given as
where S 0 ͑r͒ satisfies
The angular vector function X lm ͑͒ is given as
where P l m ͑x͒ is the associated Legendre function and ê and ê are unit vectors in the relevant directions. In this coordinate system, n͑r͒ = n 1 for r Ͻ a and n 2 for r Ͼ a, where a is the resonator radius.
For a steady-state WGM with real k 0 at resonance, S 0 ͑r͒ is expressed as
where the coefficient for r Ͻ a is set to 1 and B l is determined from the continuity: l ͑n 1 k 0 a͒ = B l l ͑n 2 k 0 a͒. Here, l ͑z͒ = zj / ͑z͒ and l ͑z͒ = zn / ͑z͒ are spherical Ricatti-Bessel and Ricatti-Neumann functions, where j l ͑z͒ and n l ͑z͒ are spherical Bessel and Neumann functions, respectively. The resonance condition
gives k 0 , where the prime denotes the derivative of a function by its argument. The exterior solution at resonance decays nearly exponentially. For a given l, there can be more than one value of k 0 a that satisfies Eq. (13) . These resonance modes are called the first-order mode ͑v =1͒, the second-order mode ͑v =2͒, etc. in increasing order of k 0 a. As Eq. (13) indicates, the resonance condition is independent of m for a perfectly spherical resonator. The 2l + 1-fold degeneracy is lifted by any symmetry-breaking perturbation such as a spheroidal shape of the resonator. A fiber is side coupled to the sphere. Right, cross-sectional view of the electric field (red online) and the particle, shown for the firstorder mode.
Let W lm be the integral of ͉X lm ͉͑͒ 2 over the entire solid angle:
͑14͒
Then the mode energy integral in the denominator of Eq. (8) is calculated as
The integral in Eq. (15) 
where ê r is the unit vector in the radial direction. The solution T 0 ͑r͒ of a steady-state TM mode is essentially identical to Eq. (12) with a different coefficient A l for r Ͼ a. The resonance condition is slightly different
The integral of ͉Y lm ͉͑͒ 2 over the solid angle is the same as that of ͉X lm ͉͑͒ 2 . The integral of ͉Z lm ͉͑͒ 2 is l͑l +1͒ times as large. Therefore the mode energy integral is
Calculation of Eq. (20) suffers from the same problem as that for the TE mode. However, using the same method as the one used for the TE mode yields
͑21͒
The mode energy can be divided into tangential and radial components. A typical value of their ratio,
.163, where n 1 = 1.47, n 2 = 1.33, l = 500, and v =1 ͑k 0 a = 349.15͒ were used. The radial component dominates the energy of a TM mode.
EXAMPLES OF TE AND TM SHIFTS A. Thin-Layer Adsorption
The first example is adsorption of a thin layer of uniform thickness t (t Ӷ=2 / k 0 ; t Ӷ a) and refractive-index profile n p ͑r͒. V p is specified by a Ͻ r Ͻ a + t. We allow ␦⑀ r = ␦͑n 2 ͒ = ͓n p ͑r͔͒ 2 − n 2 2 to change as a function of r within the layer.
For the TE mode, both E 0 and E p in the perturbation integral in Eq. (8) have only angular components. Their continuity across the two interfaces at r = a and a + t allows E p to be replaced with E 2 , which is further replaced with E 02 in the first-order perturbation. Therefore, with Eqs. (9) and (14), angular integration of ␦⑀ r E 0
Since t Ӷ, S 0 ͑r͒ in Eq. (22) can be replaced by S 0 ͑a͒. From Eqs. (8), (16) , and (22), we have the TE shift as
For the TM mode, E 0 and E p have both angular and radial components in the perturbation integral in Eq. (8) . The boundary condition requires that E p be treated explicitly:
where T͑r͒ and its derivative TЈ͑r͒ account for the field within the layer. They are, in general, different from T 0 ͑r͒ and T 0 Ј͑r͒, the unperturbed functions. Angular integration of ␦⑀ r E 0
where ␦͑n
Since t Ӷ, T 0 ͑r͒ and T 0 Ј͑r͒ can be replaced by T 0 ͑a͒ and T 0 Ј͑a + ͒, respectively, where a + is infinitesimally greater than a. Likewise, T͑r͒ and TЈ͑r͒ can be replaced by T͑a͒ and TЈ͑a + ͒. Since the change of T͑r͒ from T 0 ͑r͒ at r Ͻ a is only the shift in the wave vec-tor, T͑r͒ = T 0 ͑r͒ for r Ͻ a in the first-order perturbation. The boundary condition gives T͑a͒ = T 0 ͑a͒ and TЈ͑a + ͒ / n p1
, where n p1 = n p ͑a + ͒.
where l and l Ј are evaluated at z = n 2 k 0 a. This perturbation integral is dominated by the contribution of the radial component of electric field, as in the mode energy integral. The ratio of the intensity of the tangential component to that of the radial component is
, which is greater than the counterpart in the mode energy integral when n p1 Ͼ n 1 .
Using Eqs. (8), (21), and (26), we obtain the fractional shift for the TM mode, ͑␦k / k 0 ͒ TM , which can be separated into the factor determined by the refractive-index profile and the rest by R l :
where R l is defined as
.
͑28͒
When ␦͑n 2 ͒ is small, Eqs. (23) and (27) are identical to the results obtained in the first-order perturbation of wave equations for small refractive-index changes. 10 For given n 1 , n 2 , and n p , R l depends on l and k 0 a. For large l or large k 0 a, which is the case for WGM sensors,
The dependence of R l on k 0 a and l is mostly through the ratio of k 0 a to l. The resonance wave vector is related to l and mode order v ͑v =1,2, . . . 14 Since l −2/3 Ӷ 1, we find that R l at resonance depends only weakly on l and v and is determined primarily by n 1 , n 2 , and n p . The above relationship further simplifies Eq. (29). Equation (23) indicates that ␦k / k 0 of the TE mode is determined solely by the refractive-index profile of the adsorption layer and is common to the WGMs of different values of l, m, and v. The fractional shift does not depend on the wavelength of the laser used in the measurement either. The fractional shift of the TM mode is also determined primarily by the refractive-index profile and depends only weakly on l and v.
Comparison of Eqs. (23) and (27) gives the TM-to-TE shift ratio as
R l ͑k 0 a;n 1 ,n 2 ,n p1 ͒.
͑30͒
As we will see below, the ratio is equal to R l when ␦n 2 is uniform.
The solid, dashed, and the dashed-dotted curves in Fig.  2 represent plots of R 250 as a function of n p1 for v =1,2,3, respectively. The parameters used are n 1 = 1.47 and n 2 = 1.33. The resonance wave vectors (TM) for the three mode orders are k 0 a Х 176.70, 182.62, 187.75, respectively. The approximation by Eq. (29) with n p = n p1 is shown for v = 1 by a dotted curve that nearly overlaps the solid curve. The approximation is equally good for v =2 and v = 3 (not shown) when l is as large as the one used here.
Equations (23), (27), and (30) apply to arbitrary refractive-index profiles in the adsorption layer. For a uniform refractive index, n p 2 ͑r͒ = n p 2 ,
For n 2 = 1 (air), these results reduce to those derived by Folan. 15 The TM-to-TE shift ratio is equal to R l that is shown in Fig. 2 . When n p Ͼ n 1 , the TM mode shifts less than the TE mode does, because the boundary condition at the sphere-layer interface causes a smaller amplitude of E p than does E 1 , whereas E p = E 1 in the TE mode. The shift ratio will be useful for estimating n p when the layer is uniform and sufficiently thin ͑t Ӷ͒. There is no need to know t.
For given n 1 , n 2 , and n p , ͑␦k / k 0 ͒ TM ϰ R l . From Fig. 2 we find that ͉͑␦k / k 0 ͒ TM ͉ for v = 2 and v =3 at n p = 1.6 are only 1.2% and 1.7%, respectively, less than that for v =1. If the TM resonance shift is used in the WGM sensor to estimate the thickness of adsorption layer, the error that is due to an unidentified mode order is at most 1.7% for l = 250. Use of a spherical resonator of a larger diameter or a shorter wavelength of light or both increases l, thus decreasing the error associated with the unidentified mode order.
We note that the fractional shift of the TE mode is insensitive to internal rearrangement of the adsorption layer because ͐ ␦͑n 2 ͒dr is held unchanged. The shift changes for the TM mode, however.
B. Adsorption of a Single Particle
In this subsection we examine the TE and TM shifts by adsorption of a single spherical particle onto the resonator's surface. Such shifts will be compared with the shifts caused by many such particles to form a packed monolayer. We also consider TE and TM shifts by a single cylindrical particle. We assume, for simplicity, that each of these particles has a uniform refractive index and that its linear dimension is sufficiently small compared with the wavelength of light that the field within the particle can be regarded as static and uniform.
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A small spherical particle (diameter 2b Ӷ) with uniform refractive index n p is adsorbed onto the resonator at ͑a , , ͒. If the particle were placed alone in a medium of refractive index n 2 and a uniform field E 02 , field E p within the particle would be uniform and given as
When it is placed on the resonator's surface, the polarized particle will create additional polarization in the resonator, which in turn causes additional polarization within the particle. This effect does not show in the integral of ␦⑀ r E 0 * · E p in Eq. (8) over the volume of the particle in any polarization directions, as proved in Appendix B. Therefore we can use E p above for the perturbation integral in both TE and TM modes. In the small volume V p , ͉E 0 ͉ 2 is constant. Therefore
where E 0 is taken at ͑a , , ͒.
For the TE mode, use of Eq. (9) .
͑37͒
The fractional shift is identical for m and −m. The fractional shift of the TE mode is proportional to the volume ratio of the adsorbed particle to the resonator. The sensitivity of the frequency shift depends on ͉X lm ͉ 2 , the squared magnitude of the electric field on the spot where the particle is adsorbed. Figure 3 shows ͉X lm ͉ 2 / W lm =−͑a 3 / V p ͒͑␦k / k 0 ͒ TE / as a function of for l = 500, v = 1, and five values of ͉m͉. All of the five curves have different traces. This means that the adsorption of a small particle will lift the 2l + 1-fold degeneracy of a WGM into l + 1 resonance lines. The mode with ͉m͉ = l is sensitive to the adsorption near the equator. Maximizing the sensitivity of the WGM adsorption sensor is achieved by directing the analyte particles to the equator or by immobilizing the binding sites at the equator. 5 The mode with ͉m͉ = l − 1 has two bands of sensitive region. With the spot of adsorption further away from the equator, the most sensitive mode changes to one with a smaller ͉m͉.
For the TM mode, use of Eq. (17) for E 0 allows Eq. (34) to be rewritten as
͑38͒
where l and l Ј are evaluated at z = n 2 k 0 a. With Eqs. (8) and (21), we obtain
͑39͒
The plot of −͑␦k / k 0 ͒ TM / of a given l and m is nearly identical to that for −͑␦k / k 0 ͒ TE / , except for a small difference in magnitude. (Color online) Plot of ͉X lm ͉ 2 / W lm , which represents the sensitivity of the resonance shift of a WGM mode with l = 500, v = 1 to deposition of a spherical particle, as a function of , the polar angle of the spot where the particle lands. The numbers adjacent to the curves are denoted ͉m͉. The mode of ͉m͉ = 500 has the most sensitive zone at the equator of the resonator.
In the TM-to-TE shift ratio
the field dependence is mostly canceled. The ratio is independent of n p . Figure 4 shows the shift ratio for n 1 = 1.47 and n 2 = 1.33 as a function of for the same set of l, v, and ͉m͉ as those in Fig. 3 . The curve for ͉m͉ = 500 is close to horizontal for the whole range of ; the shift ratio is nearly independent of the spot of adsorption. The ratio is close to ͑n 1 / n 2 ͒ 2 = 1.222, as ͑ l Ј/ l ͒ 2 is smaller than the other terms in Eq. (40) and ͉Z lm ͉ / ͉X lm ͉Хl for most . The curve for ͉m͉ = 499 has a dip at = 90°, but it is where the WGM of l − ͉m͉ = 1 is insensitive to the adsorption. The dashed portion of the curve represents the insensitive zone where ͉X 500,499 ͉ 2 / W 500,499 is less than unity in Fig. 3 . The curves for ͉m͉ = 498, 497, 496 in Fig. 4 also have dips, but they occur in the zone where ͉X 500,m ͉ 2 / W 500,m Ͻ 1, indicated by dashed curves. The solid portions of the curves for different values of ͉m͉ nearly overlap. We can conclude that the TM-to-TE ratio's being close to 1.2 indicates adsorption of a spherical particle, regardless of the particle's refractive index or the spot of adsorption. Below, we show that the ratio is insensitive to v and l as well.
If the adsorption occurs at the equator ͑ = /2͒ and the mode has ͉m͉ = l, then ͉Z lm ͉ / ͉X lm ͉ = l + 1. The shift ratio given by Eq. (40) will be nearly equal to R l ͑k 0 a ; n 1 , n 2 , n 2 ͒. The latter R l results because the volume fraction of the small particle in a spherical shell at r = a + is almost zero, and therefore n p1 = n 2 . Together with the absence of sensitivity of the shift ratio to , we find that this R l is not limited to adsorption onto the equator. Now we consider random deposition of many small spherical particles of volume V p onto the resonator's surface at low surface coverage. Such deposition is possible because typically a Ͼ 100 m, and many particles of 10 nm diameter, for instance, can be deposited onto the resonator's surface without interfering with one another. Then the whole shift will be simply the sum of shifts by single particles. As the average of ͉X lm ͉ 2 over all solid angles is W lm /4, random deposition of N noninterfering particles causes the TE mode to shift by
Equation (41) is identical to the equation that we obtained earlier by considering simple energy perturbation. 3 The excess polarizability of each particle is equal to ⑀ 0 V p ͑n p 2 − n 2 2 ͒3n 2 2 / ͑2n 2 2 + n p 2 ͒ with a local field correction. Note that the polarization in the particle changes the energy in media 1 and 2 as well, but those changes do not contribute to ␦k / k 0 . Likewise, the TM mode will shift by ͑␦k/k 0 ͒ TE = − ͑/4͒͑V p /a 2 ͒NR l ͑k 0 a;n 1 ,n 2 ,n 2 ͒. ͑42͒
The TM-to-TE shift ratio is exactly equal to R l ͑k 0 a ; n 1 , n 2 , n 2 ͒. The N and V p dependence disappears in the ratio. It is interesting to compare these shifts and their ratio with those caused by the closest packing of identical spherical particles on the resonator surface. We regard this monolayer as having a uniform thickness 2b and a refractive-index profile ␦͑n 2 ͒ that changes with r as
for a Ͻ r Ͻ a +2b. We obtained this mean-field (MF) profile by calculating the area fraction of circular cross sections of the particles in a thin spherical shell of radius r. Applying Eq. (43) to Eq. (23) gives the MF TE shift:
Likewise, the MF TM shift is calculated as
where B ϵ͓2
If we extend Eqs. (41) and (42) to the packed layer of particles with V p = ͑4 /3͒b 3 and N =2 ϫ 3 −1/2 ͑a / b͒ 2 , the TE and TM shifts by the noninterfering particles (NI) will be
The ratio of ͑␦k / k 0 ͒ TE,MF to ͑␦k / k 0 ͒ TE,NI is equal to unity at n p = n 2 and increases nearly linearly with an increasing n p . In contrast, ͑␦k / k 0 ͒ TM,MF / ͑␦k / k 0 ͒ TM,NI decreases nearly linearly with n p . The deviation of the MFto-NI shift ratios from unity is ascribed to the failure of the assumption of no interference. Below we consider how the presence of other particles nearby changes the resonance shift.
In the TM polarization, E 02 is approximately perpendicular to the surface on which particles sit. The dipolar field by a particle will weaken the field at nearby particles, which decreases the perturbation integral. This effect is stronger for particles of a greater n p . Therefore the MF-to-NI shift ratio is less than unity and decreases with increasing n p . In the TE polarization, E 02 is parallel to the surface. Depending on the relative position, the dipolar field by a particle will strengthen or weaken the field at nearby particles. When n p Ͼ n 1 , the net result is strengthening. The effect becomes stronger with increasing n p . Figure 5 shows how the TM-to-TE ratios shift for deposition of a single particle and the deposition of a packed layer of particles changes with n p for l = 500, n 1 = 1.47, and n 2 = 1.33. For the single particle, m = 500, and deposition onto the equator is assumed. The ratio is shown for two mode orders, v =1,2. For reference, the ratio is also shown for l = 150 and v = 1. Both ratios depend only weakly on v and l. The ratio for the monolayer coverage is equal to R l ͑k 0 a ; n 1 , n 2 , n 2 ͒ when n p = n 2 and decreases with increasing n p . The latter decrease indicates that the TMto-TE ratio will drop from ϳ1.2 to a value that depends on n p as more particles are adsorbed onto the resonator. The large drop in the shift ratio is caused by the dipolar fields of nearby particles, as discussed above.
It is interesting to compare the TM-to-TE shift ratio for adsorption of a single cylindrical particle with the ratios that we obtained so far. When a cylinder of uniform refractive index n p is placed in the direction perpendicular to uniform electric field E 02 , electric field E p within the cylinder is uniform and is given as
It can be shown that the integral of ␦⑀ r E 0 * · E p over the particle volume is not affected by the presence of the resonator for TE and TM modes in the same way as was demonstrated in Appendix B for a spherical particle. Therefore we can use Eq. (48) for the integral. When the cylinder axis is parallel to E 02 , E p = E 02 . Now the particle is anisotropic. The shift ratio depends on the orientation of the cylinder. Below, we show the results for the TM-to-TE shift ratio for many cylinders lying on the resonator's surface and cylinders standing vertically on the surface. We assume random distribution at a low coverage. For the so-called lying cylinders, a random orientation on the surface is also assumed.
For cylinders lying on the surface, the TM-to-TE shift ratio is given as
͑49͒
For cylinders standing on the surface, the ratio is Figure 6 compares the shift ratios for the two orientations of the cylinder with the shift ratio for a spherical particle and that for a packed monolayer of the spherical particles. The parameters used are n 1 = 1.47, n 2 = 1.33, l = 500, and v = 1. When n p = n 2 (outside the plot range), the ratio is equal to R l ͑k 0 a ; n 1 , n 2 , n 2 ͒ for all particle geometries. The shift ratio for the lying cylinder decreases with an increasing n p . Such a cylinder is essentially an isolated spherical particle in the direction perpendicular to the cylinder axis and is an extended medium in the axis's direction. It is then reasonable that the curve for the lying cylinder runs between the curve for the isolated spherical particle and the curve for the packed spheres. What is interesting is the curve for the standing cylinder, which increases with increasing n p . The standing cylinder has E p Х E 02 in the TM polarization, whereas E p Ͻ E 02 in the TE polarization, thereby making the TM-to-TE shift ratio greater than unity.
͑50͒

CONCLUSIONS
Using the boundary conditions of the electromagnetic waves, a general formula was derived for the resonance wave vector shift of a whispering gallery mode in a transparent spherical resonator by a perturbation in the refractive-index profile in the surrounding medium. The formula allows for a locally large change in the refractive index such as a change caused by deposition of a particle. The formula for the first-order perturbation was applied to adsorption of a thin layer and deposition of a single (Color online) TM-to-TE shift ratio for monolayer coverage by spherical particles plotted as a function of refractive index n p of the particles for n 1 = 1.47, n 2 = 1.33 and l = 500. Solid and dashed curves are for v =1,2. For reference, the ratio for l = 150, v = 1 is shown as a dashed-dotted curve. The horizontal lines are the ratios when a single spherical particle is adsorbed. Fig. 6 . TM-to-TE shift ratios for deposition of a spherical particle (short-dashed curve) and a cylindrical particle (lying and standing cylinders) and adsorption of a packed layer of spherical particles plotted as a function of n p , the refractive index of the particles. Parameters used are n 1 = 1.47, n 2 = 1.33, l = 500, v =1. spherical particle and a cylindrical particle. It was found that the resonance shifts of the TE and TM modes and their ratio sensitively reflect the shape and state of the adsorbate.
The results for a packed layer of spherical particles are based on a mean-field refractive index profile. We are preparing a manuscript for the TE and TM shifts that take into account the dipolar fields by neighboring particles explicitly at different surface densities of the particles.
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APPENDIX A
To calculate the volume integral on the left-hand side of Eq. (5), we divide V into V 1 , V p , and the rest V 2 . We denote by E i ͑i =1,2,p͒ the perturbed electric field in the respective space and by E 0i ͑i =1,2͒ the unperturbed field. In V 1 and V 2 , E 01 and E 02 change to E 1 and E 2 , respectively, but the changes are small. The change from E 02 to E p in V p , however, may be large enough to satisfy the boundary condition on the surface of V p . Therefore we cannot simply replace E with E 0 in Eq. (5). The latter is allowed only when ␦⑀ r is small everywhere. 10 We consider a three-part integral I, defined as
͑A1͒
The volume integral can be converted to a surface integral by application of the following identity in each of V 1 , V p , and V 2 :
͑A2͒
where S i denotes the surface of V i and the surface normal dS points from the interior of V i to the exterior. The surface of S 2 consists of two interfaces: At the interface to V 1 , dS for S 2 is equal to −dS of S 1 . At the interface to V p , dS for S 2 is equal to −dS of S p . Therefore Eq. (A2) is rewritten as
where the surface integrals on S 1 and S p are given as
In Eq. (A4a), the Maxwell equations applied E 01 * and E 02 * in the respective spaces give ٌ ϫ E 0i * =−i 0 B 0i * ͑i =1,2͒, where B 0i * is the complex conjugate of B 0i , the unperturbed magnetic flux density in volume i. By simply writing B 0 for B 0i , we have
From continuity of the tangential component of E across the interface, we find that only the normal component exists in E 1 − E 2 . Since ͑E 1 − E 2 ͒ ϫ B 0 * is perpendicular to dS, I 1 = 0. Likewise, we can show that I 2 = 0 and I 3 =0. In Eq. (A4d), ٌ ϫ ͑E p − E 2 ͒ = i͑B p − B 2 ͒, where = ck. Continuity leads to B p = B 2 on S p . Therefore I 4 = 0. Thus we have I =0.
APPENDIX B
The purpose of this appendix is to prove Eq. (34). Let z be the direction of E 02 , the field exterior to the resonator, before the spherical particle of radius b is placed; see Fig. 7 . Since b ӶӶa, E 02 can be regarded as static and spatially uniform (quasi-static approximation 11 ), and the resonator surface as planar. We do not specify where the resonator (medium 1) is. We show that its location is irrelevant to the perturbation integral.
We set up the spherical polar coordinate ͑r , , ͒ with the origin at the center of the particle and the polar axis in the z direction. This coordinate is different from the one used for the resonator in the main part of this paper. The potential ⌽ P within the spherical particle is expressed as Note that only the rY 1 0 component in ⌽ P , which generates a uniform field in the sphere, is relevant to the integral.
Next, we find how A 1 0 is related to E 02 . For that purpose, we need ⌽ 2 , the potential in medium 2 after the particle is placed. Considering the long-distance asymptote, we write ⌽ 2 as 
͑B4͒
where C l m are constants. From the continuity of the potential and the normal component of electric displacement across the particle's surface we obtain two expressions for C 1 0 by use of A where V p = ͑4 /3͒b 3 . Note that the boundary condition of the electric field across the interface between 1 and 2 is not necessary to obtain this result. The latter boundary condition determines the field in medium 1. Equation (B5) applies to any location and orientation of the 1-2 interface relative to the spherical particle. Therefore TE and TM modes have the same expression as the perturbation integral. We can also use a dipolar approximation to show that medium 1 is irrelevant to the integral.
